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Abstract
We study the simultaneous sign change of Fourier coefficients of a pair of distinct normalized
newforms of integral weight supported on primes power indices, we also prove some equidistri-
bution results. Finally, we consider an analogous question for Fourier coefficients of a pair of
half-integral weight Hecke eigenforms.
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1 Introduction and statements of results
Throughout the paper we denote by P the set of all prime numbers, for a set S ⊂ P we denote by
δ(S) its natural density. We write Snewk (N) for the space of newforms of even integral weight k
with trivial Dirichlet character over the group Γ0(N). The letter H stands for the upper half-plane,
for z ∈ H we set q := e2πiz.
The study of sign changes of Fourier coefficients of a single cusp form has been the focus of
much recent study (cf. [1, 3, 4, 8, 7, 13, 10]) due to their various number theoretic applications
(see for instance [5]) and his long history which goes back at least to Siegel [17]. The question of
simultaneous sign change of Fourier coefficients of modular forms was first considered by Kohnen
and Sengupta in [9]. Indeed, they proved that for given two cusp forms of different weights and
the same level with real algebraic Fourier coefficients, there exists a Galois automorphism σ such
that fσ1 and f
σ
2 have infinitely many Fourier coefficients of opposite sign using analytic properties
of the Rankin–Selberg zeta function, Landau’s theorem on Dirichlet series with non-negative coef-
ficients, and the bounded denominator principle. Recently, this result was extended to two cusp
forms with arbitrary real Fourier coefficients in [6] by Gun, Kohnen, and Rath. Moreover, they
show for any pair (f1, f2) of distinct newforms with trivial Dirichlet character that the sequence
{λ1(pν)λ2(pν)}ν∈N changes signs infinitely often for an infinite set of primes p, where λi(n) is the
n-th Fourier coefficient of fi.
The primary result of this paper is to calculate the proportion of integers for which the product
λ1(p
ν)λ2(p
ν) has the same sign. More precisely, we shall show the following equidistribution result.
Theorem 1.1. Let
fi(z) =
∑
n≥1
λi(n)n
(ki−1)/2qn ∈ Snewki (Ni) i = 1, 2,
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be two distinct normalized newforms of level N1, N2 and weights k1, k2 ≥ 2 respectively. For any
prime p ∤ Ni, define θi(p) ∈ [0, π] by the relation λi(p) = 2 cos θi(p) with i = 1, 2. Suppose that
1, θ1(p)2π ,
θ2(p)
2π are linearly independent over Q, then we have
lim
x→∞
#{v ≤ x : λ1(pν)λ2(pν) ≶ 0}
x
=
1
2
.
The strategy of the proof is inspired by the one used by Kohnen et al., in [10, Proof of Theorem
3, case (iv)] and involve essentially a two dimensional variant of Weyl’s equidistribution theorem
(see Theorem 2.2 for a precise statement).
Remark 1.1. It should be noted that if one of the numbers θ1(p)2π ,
θ2(p)
2π is rational and the other is
irrational, then we have
lim
x→∞
#{v ≤ x : λ1(pν)λ2(pν) ≶ 0}
#{v ≤ x : λ1(pν)λ2(pν) 6= 0} =
1
2
,
which may be proved in much the same way used by the author in [2, Proof of Theorem 4].
Our next purpose is to deal with the sign changes of the sequence {λ1(pν)λ2(pν)}p∈P. More
precisely, we will show the following.
Theorem 1.2. Suppose that k1, k2 ≥ 2 and N1, N2 are distinct natural numbers. Suppose that
fi(z) :=
∑
n≥1
λi(n)n
(ki−1)/2qn ∈ Snewki (Ni) i = 1, 2,
are normalized newforms without complex multiplication which are not twists of each other. Let ν
be an odd integer, we let P<0(ν) denote the set
{p ∈ P : p ∤ N, λ1(pν)λ2(pν) < 0},
and similarly P≤0(ν), P>0(ν), P≥0(ν), P=0(ν), where N = N1N2. Then the sequence {λ1(pν)
λ2(p
ν)}p∈P changes signs infinitely often. Moreover, the sets
P<0(ν), P>0(ν), P≤0(ν), P≥0(ν),
have natural density equal to 12 and δ(P=0(ν)) = 0.
Next, we investigate the simultaneous sign change of Fourier coefficients of two half-integral
weight Hecke eigenforms. In order to state our result, we shall need to introduce some notations. Let
k,N be natural numbers, fix a Dirichlet character χ modulo 4N . We shall denote by Sk+1/2(4N,χ)
the space of cusp forms of weight k + 1/2 over the congruence subgroup Γ0(4N) with character χ.
When k = 1, we shall work only with the orthogonal complement with respect to the Petersson
scalar product of the subspace generated by the unary theta functions. In this set-up we have.
Theorem 1.3. Suppose that k1, k2 are distinct natural numbers, N1, N2 are odd square-free natural
numbers, and χ1, χ2 are real characters modulo 4N1, 4N2, respectively. Suppose that
fi(z) =
∑
n≥1
ai(n)q
n ∈ Ski+1/2(4Ni, χi) i = 1, 2,
are Hecke eigenforms. Let ν be a positive odd integer, and t be a square-free integer such that
a1(t)a2(t) 6= 0. Assume that the Shimura lift of f1 and f2 are not twists of each other. Define the
set of primes
P′<0(ν) := {p ∈ P : p ∤ N, a1(tp2ν)a2(tp2ν) < 0},
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where N = 2N1N2, and similarly
P′<0(ν), P
′
>0(ν), P
′
≤0(ν), P
′
≥0(ν), P
′
=0(ν).
Then the sequence {a1(tp2ν)a2(tp2ν)}p∈P changes signs infinitely often. Moreover, the sets
P′<0(ν), P
′
>0(ν), P
′
≤0(ν), P
′
≥0(ν),
have natural density equal to 12 and δ(P
′
=0(ν)) = 0.
The above theorem improves the result of Kumar in [12, Theorem 4.2]. Moreover, we can prove
that a cuspidal Hecke eigenform fi is determined uniquely by the sign of the sequence {ai(tp2ν)}p
up to a positive constant using the technique of our proof.
2 Preliminary results
In this section, we introduce some notations and give the main necessary tools and definitions. Let
fi(z) :=
∑
n≥1
λi(n)n
(ki−1)/2qn ∈ Snewki (Ni), i = 1, 2,
be two distinct newforms of level N1, N2 and weights k1, k2 ≥ 2, respectively. In view of Deligne’s
bound, we have
|λi(p)| ≤ 2 i = 1, 2,
where p is any prime number not dividing Ni. Thus for any prime p ∤ Ni we can write
λi(p) = 2 cos θi(p) i = 1, 2, (2.1)
for a uniquely defined angle θi(p) ∈ [0, π]. Let us define the 2-product Sato-Tate measure.
Definition 2.1. The 2-product Sato-Tate measure µ⊗2ST is the probability measure on [0, π]
2 given
by
µ⊗2ST :=
4
π2
sin2 θ1 sin
2 θ2dθ1dθ2.
We now state the now-proven pair-Sato-Tate conjecture [18, Proposition 2.2] which will play
an important role in proving Theorem 1.1 and 1.3.
Theorem 2.1 (Pair-Sato-Tate conjecture). Let k1, k2 ≥ 2 and N1, N2 are distinct natural numbers,
and let
fi(z) :=
∑
n≥1
λi(n)n
(ki−1)/2qn ∈ Snewki (Ni) i = 1, 2,
are normalized newforms without complex multiplication, such that neither is a quadratic twist of
the other. For a prime p, define θi(p) ∈ [0, π] to be as in (2.1). Then the sequence (θ1(p), θ2(p))
is uniformly distributed in [0, π]2 with respect to the 2-product Sato-Tate measure µ⊗2
ST
as p ranges
over primes not dividing N = N1N2. In particular, for any two sub-interval I1 ⊂ [0, π] I2 ⊂ [0, π],
we have
lim
x→∞
#{p ≤ x : p ∤ N, (θ1(p), θ2(p)) ∈ I1 × I2}
#{p ∈ P : p ≤ x} = µ
⊗2
ST(I1 × I2) =
4
π2
∫∫
I1×I2
sin2 θ1 sin
2 θ2 dθ1 dθ2.
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In order to state a two dimensional variant of Weyl’s equidistribution theorem which will be
used to prove Theorem 1.2, we shall need to introduce notations and definitions following [11]. Let
a = (a1, a2) and b = (b1, b2) be two vectors with real components. We say that a ≤ b if ai ≤ bi
for i = 1, 2. The set of points x ∈ R2 such that a ≤ x ≤ b will be denoted by [a,b]. We denote
by [0,1], the two dimensional unit cube where 0 = (0, 0) and 1 = (1, 1). The integral part of
x = (x1, x2) is [x] = ([x1], [x2]) and the fractional part of x is {x} = ({x1}, {x2}).
Definition 2.2. A sequence (xn)n∈N of vectors in R2, is said to be uniformly distributed (mod 1)
in R2 if
lim
N→∞
#{n ≤ N : {xn} ∈ [a,b]}
N
= (b1 − a1)(b2 − a2),
for all sub-intervals [a,b] ⊆ [0,1].
At this point we state the following theorem which is a straightforward consequence of [11,
Theorem 6.3, pp.48].
Theorem 2.2. Let θ = (θ1, θ2) ∈ R2 be a vector so that the real numbers 1, θ1, θ2 are linearly
independent over Q, then the sequence (nθ) = (nθ1, nθ2) is uniformly distributed (mod 1) in R
2.
3 Proofs
3.1 Proof of Theorem 1.1
Since fi is a newform, then in particular it is a Hecke eigenform. Consequently its p
ν-th eigenvalue
is expressible by the following elementary trigonometric identity
λi(p
ν) =
sin((ν + 1)θi(p))
sin θi(p)
i = 1, 2,
where θi(p) ∈ (0, π) be as in (2.1), and obvious interpretation in the limiting cases θi(p) = 0, π,
which can happen for only finitely many primes.
We set θ(p) := (θ1(p), θ2(p)), νθ(p) = (νθ1(p), νθ2(p)), and sin(νθ(p)) := (sin(νθ1(p)), sin(νθ2(p))).
Writing
νθ(p) = 2π[νθ(p)/2π] + 2π{νθ(p)/2π},
it follows that
sin(νθ(p)) = sin(2π{νθ(p)/2π}).
Thus for any sub-interval [a,b] ⊂ [−1,1] one has
∑
2≤ν≤x+1
sin(νθ(p))∈[a,b]
1 =
∑
2≤ν≤x+1
sin(2π{νθ(p)/2π}))∈[a,b]
1,
= 4
∑
2≤ν≤x+1
2π{νθ(p)/2π}∈[arcsin(a),arcsin(b)]
1.
By our assumption the numbers 1, θ1(p)2π ,
θ2(p)
2π are rationally independent. It follows from The-
orem 2.2 that the sequence {νθ(p)/2π} is uniformly distributed (mod 1) in R2. Consequently
∑
2≤ν≤x+1
sin(νθ(p))∈[a,b]
1 ∼ (arcsin(b1)− arcsin(a1))(arcsin(b2)− arcsin(a2))
π2
x, (3.1)
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as x→∞. The claimed result now follows from (3.1) by taking into account that
#{ν ≤ x : λ1(pν)λ2(pν) > 0} =
∑
2≤ν≤x+1
sin(νθ(p))∈[0,1]
1 +
∑
2≤ν≤x+1
sin(νθ(p))∈[−1,0]
1,
and
#{ν ≤ x : λ1(pν)λ2(pν) < 0} =
∑
2≤ν≤x+1
sin(νθ(p))∈[a,b]
1 +
∑
2≤ν≤x+1
sin(νθ(p))∈[a′,b′]
1,
where a = (−1, 0), b = (0, 1), a′ = (0,−1) and b′ = (1, 0).
3.2 Proof of Theorem 1.2
As in the foregoing proof, we have
λi(p
ν) =
sin((ν + 1)θi(p))
sin θi(p)
i = 1, 2,
where θi(p) ∈ [0, π]. Since the set {p ∈ P : θi(p) = 0, π} is finite, we may assume that θi(p) ∈ (0, π).
It follows that the sign of the sequence λi(p
ν) is the same as the sign of sin((ν+1)θi(p)). Therefore
λi(p
ν) > 0 if and only if θi(p) ∈ A>0 :=
ν+1
2⋃
j=1
(
2(j − 1)π
ν + 1
,
(2j − 1)π
ν + 1
)
,
and
λi(p
ν) < 0 if and only if θi(p) ∈ A<0 :=
ν+1
2⋃
j=1
(
(2j − 1)π
ν + 1
,
2jπ
ν + 1
)
.
By Theorem 2.1 the sequence {(θ1(p), θ2(p))}p is uniformly distributed in [0, π]2 when p ranges
over primes numbers p ∤ N . Therefore, there exists infinitely many primes p such that
(θ1(p), θ2(p)) ∈ A>0 ×A>0,
and there exists infinitely many primes p such that
(θ1(p), θ2(p)) ∈ A>0 ×A<0.
Thus the sequence {λ1(pν)λ2(pν))}p∈P changes sign infinitely often. On the other hand, we have
P>0(ν) = {p ∈ P : p ∤ N, (θ1(p), θ2(p)) ∈ A>0×A>0} ⊔ {p ∈ P : p ∤ N, (θ1(p), θ2(p)) ∈ A<0×A<0},
and
P<0(ν) = {p ∈ P : p ∤ N, (θ1(p), θ2(p)) ∈ A>0×A<0} ⊔ {p ∈ P : p ∤ N, (θ1(p), θ2(p)) ∈ A<0×A>0}.
From [14] we have
µ⊗2ST(A>0 ×A<0) = µ⊗2ST(A<0 ×A<0) =
1
4
.
Therefore, by Theorem 2.1 we get
δ(P>0(ν)) = δ(P<0(ν)) =
1
2
.
An argument similar to the above shows that δ(P≥0(ν)) = δ(P≤0(ν)) = 12 and a fortiori we have
δ(P=0(ν)) = 0.
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3.3 Proof of Theorem 1.3
We will start off by recalling some generalities about Shimura correspondence from [16, 15]. The
Shimura correspondence lifts fi to a cusp form ft,i of weight 2ki for the group Γ0(2Ni) with character
χ2i . Let
ft,i(z) =
∑
n≥1
At,i(n)q
n (z ∈ H),
be its expansion at ∞. According to [16], the n-th Fourier coefficient of ft,i is given by
At,i(n) =
∑
d|n
χt,Ni(d)d
ki−1ai
(
n2
d2
t
)
, (3.2)
where χt,Ni denotes the character χt,Ni(d) := χi(d)
(
(−1)kiN2i t
d
)
. Since fi is a Hecke eigenform, then,
so is the Shimura lift. Indeed, we have ft,i = ai(t)fi where fi is a normalized Hecke eigenform,
write
fi(z) =
∑
n≥1
λi(n)n
ki−1/2qn (z ∈ H),
for its Fourier expansion at ∞. We shall assume that ai(t) = 1, in the general case we may apply
the proof to fiai(t) . Since 2Ni is square-free, it follows that fi is a normalized Hecke eigenform
without complex multiplication independent of t.
Applying the Mo¨bius inversion formula to (3.2), we derive that
ai(tn
2) =
∑
d|n
µ(d)χt,Ni(d)d
ki−1At,i
(n
d
)
.
The above equality specialises to
ai(tp
2ν)
pν(ki−1/2)
= λi(p
ν)− χt,Ni(p)√
p
λi(p
ν−1), (3.3)
by taking n = pν and normalizing by pν(ki−1/2). Now, rewrite (3.3) into
ai(tp
2ν)
pν(ki−1/2)
=
sin((ν + 1)θi(p))
sin θi(p)
− χt,Ni(p)√
p
sin(νθi(p))
sin θi(p)
,
where θi(p) ∈ [0, π]. As the set {p ∈ P : θi(p) = 0, π} is finite (see [10, Remark 2]). We may assume
that θi(p) ∈ (0, π). Consequently, we have
ai(tp
2ν) > 0⇐⇒ sin((ν + 1)θi(p)) > χt,Ni(p)√
p
sin(νθi(p)), (3.4)
ai(tp
2ν) < 0⇐⇒ sin((ν + 1)θi(p)) < χt,Ni(p)√
p
sin(νθi(p)). (3.5)
Let ǫ > 0, then for all p > 1
ǫ2
we have
∣∣∣χt,Ni (p)√p sin(νθi(p))
∣∣∣ < ǫ. This together with (3.4) and (3.5)
then implies
{
p >
1
ǫ2
: p ∤ N, sin((ν + 1)θi(p)) < −ǫ, i = 1, 2
}
⊔
{
p >
1
ǫ2
: p ∤ N, sin((ν + 1)θi(p)) > ǫ, i = 1, 2
}
⊂ P′>0(ν). (3.6)
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On the other hand we have
sin((ν + 1)θi(p)) > ǫ⇐⇒ θi(p) ∈ Iǫ,
and
sin((ν + 1)θi(p)) < −ǫ⇐⇒ θi(p) ∈ I ′ǫ.
Where
Iǫ :=
ν+1
2⋃
j=1
(
(2j − 2)π + arcsin(ǫ)
ν + 1
,
(2j − 1)π − arcsin(ǫ)
ν + 1
)
,
and
I ′ǫ :=
ν+1
2⋃
j=1
(
(2j − 1)π + arcsin(ǫ)
ν + 1
,
2jπ − arcsin(ǫ)
ν + 1
)
.
Thus (3.6) becomes
{
p >
1
ǫ2
: p ∤ N, (θ1(p), θ2(p)) ∈ Iǫ × Iǫ
}
⊔
{
p >
1
ǫ2
: p ∤ N, (θ1(p), θ2(p)) ∈ I ′ǫ × I ′ǫ
}
⊂ P′>0(ν). (3.7)
From Theorem 2.1 we know that the sequence (θ1(p), θ2(p)) is equidistributed in [0, π]
2 with respect
to the measure µ⊗2ST . It follows that there are infinitely many primes p such that (θ1(p), θ2(p)) ∈
Iǫ × Iǫ and infinitely many primes p such that (θ1(p), θ2(p)) ∈ I ′ǫ × I ′ǫ. Hence, the sets in (3.7) are
infinite and consequently there exists infinitely many primes p such that a1(tp
2ν)a2(tp
2ν) > 0. In a
similar way one can see that there exists infinitely many primes p such that a1(tp
2ν)a2(tp
2ν) < 0.
Next, from (3.7) one has
π>0(x) + π
(
1
ǫ2
)
≥ S(Iǫ, Iǫ)(x) + S(I ′ǫ, I ′ǫ)(x),
where S(Iǫ, Iǫ)(x) := #{p ≤ x : p ∤ N, (θ1(p), θ2(p)) ∈ Iǫ × Iǫ}, S(I ′ǫ, I ′ǫ)(x) := #{p ≤ x : p ∤
N, (θ1(p), θ2(p)) ∈ I ′ǫ × I ′ǫ}, and π>0(x) := {p ≤ x : p ∤ N, a1(tp2ν)a2(tp2ν) > 0}. Dividing the
above inequality by π(x) (the prime-counting function), we obtain
π>0(x)
π(x)
+
π
(
1
ǫ2
)
π(x)
≥ S(Iǫ, Iǫ)(x) + S(I
′
ǫ, I
′
ǫ)(x)
π(x)
. (3.8)
By Theorem 2.1 we have
lim
x→∞
S(Iǫ, Iǫ)(x)
π(x)
= µ⊗2ST (Iǫ × Iǫ) and limx→∞
S(I ′ǫ, I ′ǫ)(x)
π(x)
= µ⊗2ST
(
I ′ǫ × I ′ǫ
)
. (3.9)
Since π
(
1
ǫ2
)
, is finite, the term
π
(
1
ǫ2
)
π(x) tends to zero as x tends to infinity. Taking into account (3.9),
a passage to the limit in (3.8) implies that
lim inf
x→∞
π>0(x)
π(x)
≥ µ⊗2ST (Iǫ × Iǫ) + µ⊗2ST
(
I ′ǫ × I ′ǫ
)
. (3.10)
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Letting ǫ to zero in (3.10), we find
lim inf
x→∞
π>0(x)
π(x)
≥ µ⊗2ST (I × I) + µ⊗2ST
(
I ′ × I ′) ,
where
I :=
ν+1
2⋃
j=1
(
(2j − 2)π
ν + 1
,
(2j − 1)π
ν + 1
)
and I ′ :=
ν+1
2⋃
j=1
(
(2j − 1)π
ν + 1
,
2jπ
ν + 1
)
.
From [14] we have
µ⊗2ST (I × I) = µ⊗2ST
(
I ′ × I ′) = 1
4
.
It follows that
lim inf
x→∞
π>0(x)
π(x)
≥ 1
2
.
The same arguments yield lim inf
x→∞
π≤0(x)
π(x) ≥ 12 .
Finally, upon using π≤0(x) = π(x)− π>0(x), we deduce that
1
2
≤ lim inf
x→∞
π>0(x)
π(x)
≤ lim sup
x→∞
π>0(x)
π(x)
≤ 1
2
,
and hence lim
x→∞
π>0(x)
π(x) exists and is equal to
1
2 . The rest of the proof runs as before. Consequently
we have δ(P′=0) = 0.
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